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Nonuniform corticothalamic continuum model of electroencephalographic spectra with application
to split-alpha peaks
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Recent theoretical work has successfully predicted electroencephalographic spectra from physiology using a
model corticothalamic system with spatially uniform parameters. The present work incorporates parameter
nonuniformities into this model via the coupling they induce between spatial eigenmodes. Splitting of the
spectral alpha peak, an effect seen in a small percentage of the normal population, is investigated as an
illustrative special case. It is confirmed that weak splitting can arise from mode structure if the peak is
sufficiently sharp, even for uniform parameters. However, it is further demonstrated that greater splitting can
result from nonuniformities, and it is argued that this mechanism for split alpha is better able to account
quantitatively for this effect than previously suggested alternatives of pacemakers or purely cortical reso-
nances. On introducing nonuniformities in corticothalamic loop time delays, we find that the alpha frequency
also varies as one moves from the front to the back of the head, in accord with observations, and that analogous
(but less distingtvariations are seen in the beta peak. Analysis shows realistic variations of atdlthdhs
relative to the mean loop delay of approximately 80 ms can account for observed splittings of about 1 Hz. It
is also suggested that subjects who display clear alpha splitting form the tail of a distribution of magnitude of
cortical inhomogeneity, rather than a separate population.
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[. INTRODUCTION age of the normal populatiohl9]. One mechanism that
could account for such a splitting is that of pacemakers lo-
Electroencephalographi€EG measurements are com- cated in the thalamus or other parts of the brain, each of
monly made using multiple scalp electrodes. Correlations ofvhich comprises neurons with a characteristic frequency
EEGs with brain function are widely used diagnostically[1,2]. This mechanism then attributes each subpeak to a dif-
[1,2], and are inferred to be closely connected to brain dyferent pacemaker. Although neurons with resonant frequen-
namics, information processing, cognition, and state ofI€S celrtalrlllly exist, a severe problem with this theory is its
arousal[1-3]. EEGs result from cortical electrical activity @d hocjustification for why a particular resonant frequency
aggregated over scales much larger than individual neurontS Produced. Indeed, under this mechanism, a new pacemaker
Hence, one approach to understanding their dynamics is Vi'% needed for every peak or subpeak. Another problem is that

models that average over microscopic neural structure to o i_oen tg?rxgl'(?: froergkv;‘/a\lf\;::ﬁ ct:?)r?clzi?r%r\wl\éo;clg\/lgt\i/grlwvifdoetzg[r!zt
tain continuum descriptions on scales of millimeters to the gp ’

whole brain, incorporating realistic anatomy such as separat"'é]terme‘j'ate frequencies, and this pattern is not explained by

. : . maker theory19]. A nd widely di mecha-
excitatory and inhibitory neural populatiofgyramidal cells acemaker theorj19]. A second widely discussed mecha

di i | tiscale i nism is that resonances may result from spatial cortical
an mternguror)s noniinéar neural responses, mu tiscale IN"eigenmode$2]. This mechanism implies that the frequencies
terconnections, dendritic, cell-body,

_ ; and axonal dynamicsy the global resonances should not depend on the location in
and corticothalamic feedba¢®,4-21. _ the cortex, although their amplitudes may. In this picture, the
A recent physiologically based continuum model of corti- pjitting of the alpha peak is predicted to be due to breaking
cothalamic dynamics has been found to reproduce many feast an initial degeneracy between modes as a result of cortical
tures of normal EEGs, including the discrete spectral peakgsymmetry[2]. Since the posterior lobes of the brain are
in the slow wave €1 Hz), delta (1-2.5Hz), theta larger, smaller wave numbelsand frequencieso should
(2.5-7.5 Hz), alpha (7.5-12.5 Hz), and beta (12.5-30 Hz}hen be dominant in amplitude in this region, all else being
bands, seen in waking and sleeping stafg514—-2Q. Here  equal[19]. Equivalently, the higher frequency mode of an
we extend this model to include spatial nonuniformities of itsinitially degenerate pair should tend to have higher ampli-
parameters, an essential step since many or all of these atgdes in frontal regiong2], which is contrary to observation
nonuniform in practice. This generalized model is then ap{19]. A third mechanism, suggested recertly], is that the
plied to understanding observed substructure in the alphabserved splitting may arise from nonuniformities of the
peak. time delay in corticothalamic loops whose resonances give
Splitting of the alpha peak into two subpeaks, separatedise to the spectral peaks. This suggestion is investigated
by up to 1-2 Hz, has been found to occur in a small percentbelow as a specific test and illustration of our generalized

model.
In Sec. Il we generalize our previous theory to include
*Electronic address: p.robinson@physics.usyd.edu.au nonuniformities via coupling of spatial eigenmodes. In Sec.
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The cell-body potentiaV, results from the sum of den-
dritic inputs after they have been filtered in the dendritic tree
as they propagate. It approximatéii4,18,2Q obeys

ee,ei
cortex
e“S Va(rat)ZEb: Vab(rvt)a (l)
g o
whereV,,, is defined by
reticular |, -
nucleus ’S © Dan(F ) Van(F, 1) = vap(r,0 ol Tt = 7ap(D], ()
g A - 1 @11 }dﬂ
r! = 12 . t
relay — I ser~ 0 aan(n)Ban(r) P [aay(r) T Ban(r) | dt
nuclei (3
¢n where the right side of Eq1) is a sum of contributions from

FIG. 1. Schematic of corticothalamic interactions, showing the
connectivities and locatiorsb of the gainsG,, for impulses from
neuronsb incident on neurons of typa The cortex and the reticu-

different receptor typels on neurons of typa. The right side
of Eq. (2) involves contributionse,; from other cortical
neurons, and inputg from thalamic relay nuclei, each de-
layed by a timer,,(r) due to anatomical spatial separation.

lar and relay nuclei of the thalamus are shown as rectangles, alorfjore generally, each of these could be divided into subtypes

with the main neural projections between théime latter are indi-

cated by arrows, labeled with the type of activity that projects T

External activity is indicated by, .

corresponding to those incidetaffereny on different recep-

or populations[e.g., the excitatory glutamate and NMDA
(N-methylD-aspartatetyped, but we do not make this sub-
division here, assuming for simplicity that each neural type

Il we illustrate the method using the specific case of non-corresponds to a single receptor type.

uniform corticothalamic time delay as applied to split-alpha
spectra.
IIl. THEORY

In this section we briefly outline our uniform corticotha-
lamic model, generalizing it to incorporate nonuniformities

In EQ. (2), vap(r,t)=Nap(r)sap(r,t), whereN,, is the
mean number of synapses of type-e,i,s on neurons of
type a ands,,, is the strength of the response in neueoto
a unit signal at a synapse of typeThe operatoD,}, incor-
porates synaptodendritic dynamics via the quantiggs(r)
anda,p(r), which are the inverse rise and decay times of the
cell-body potential produced by an impulse at a dendritic

via coupling of spatial eigenmodes and the occurrence oéynapse, with3,,~4a,;, in many cases, owing to dendritic

multiple synaptic receptor types on a single neuron. Furthe
details of the uniform model can be found elsewHéai& 2.

propagation effect$20]. This form of D,, can be easily
generalized to account for more complicated dynamics, and

Throughout this work we assume that, in the absence of pethe analytic work in this section does not depend on the
turbations, the brain settles into a steady state of activity. Th@recise form(3). Note that we do not include the explicit
existence and stability of such steady states in our modejeometry of the dendrites in our model—only their effect on

have been examined in detail in earlier papgtd,15,2Q.

the temporal characteristics of the signals that pass through

There it was found that a low-firing rate state exists forthem to the cell body.

physiologically reasonable parameter values; we assume th

at Each part of the corticothalamic system gives rise to neu-

this state represents the normal state occupied by the brairg| pulses, whose values averaged over short scales form a
field ¢,(r,t) (a=e,i,r,s for excitatory, inhibitory, reticular,

A. Corticothalamic model

Our corticothalamic model incorporates the connectivities

shown in Fig. 1, including the thalamic reticular nucleus
which inhibits relay nuclej14—-21. The latter relay external

stimuli ¢, to the cortex, as well as corticothalamic feedbac
via projections of¢, to them; their influences are excitatory.

Kk

The cortex itself is treated as a continuum containing popu-

lations of interacting excitatory and inhibitory neurons and is
approximated as two dimension@D) owing to its relative
thinness.

The mean firing ratef.e., pulse densitieQ, of excita-

and relay neurons, respectivelyhat propagates ab,(r)
1-10 ms! (5—-10 ms! in myelinated fibers and around
ms ! in unmyelinated ongslin the regime that is linear in

1

the ¢, (which we assume hexdinear perturbations approxi-

mately obey the damped wave equatjd#,18,2Q

Da(r,t) a(r,t) = pa(r,t)Vo(r,t), 4

_ 1 (92 2 2
Da(r,t)—%WerﬁJrl—ra(r)V , (5)

tory (a=e€) and inhibitory @=i) neurons are related to the where we henceforth use the symbglg andV, to denote

cell-body potentialsV,, relative to resting, byQ,(r,t)

linear perturbations to the original versions of these quanti-

=S,[V.(r,t)], whereS, is a smooth sigmoidal function that ties, since there is no possibility of confusion. Hergr)

increases from 0 tQ,,.x asV, increases from-co to .

=v,(r)Irar), pa=dS, (Vo) /dV, is the slope of the sigmoi-
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dal function at the assumed steady state valué ofandr, Using Eq.(10) then gives an explicit expression féi(r, w)
is the characteristic range of axoasFourier transformation as a function ofg.(r,w),

of Egs. (1)—(5) in time and elimination oV, andV,, be-

tween these equations vyields transfer functions that express #s(rw)=[(1-Je))De—Jeel el @)/ Jes. (15
the firing rates in terms of the external sigrfgl; the poles
of these functions yield the linear dispersion characteristic
of corticothalamic waves. Note that E@l) does not allow
for any variation inp, due to changes igh,—only variations be(r,0)

:Bﬁztriﬁiugr‘far?r:rglggggges in the parameters of the sigmoidal (1= 303, )0 (1= 3e)Do—Jeal — Jod It Jordre) e

ginally, elimination of¢¢ and ¢, from the above equations
results in the transfer function of a stimulus,(r,o) to

As an aside, ifp, are constant in time in Eq$l)—(5), =Jesdsn®n (16)
they commute withD,,,. If all D, for givena have a com-
mon formD, that depends only oa, then which reproduces our previous resultsJif, are spatially
uniform [20].
_ Scalp potentials are primarily generated by excitatory
Dy(r,1)Da(r,t) da(r,t) = % Gap(r,t) dplr,t—7ap(r) ], (mainly pyramidal neurons, because of their greater size and

(6) degree of alignment compared to other typas For any
given geometry, and in the case of linear perturbations con-
with G p(r,t) =pa(r)vap(r,t). Form (6) is not used in the sidered here, the scalp potential is proportional to the cortical

present paper, but is noted for future use. potential, which is itself proportional to the membrane cur-
Fourier transforming Eq¢1)—(5) in time and eliminating rents that are present, which are in turn proportional to the
V, andV,, between these equations yields firing rate ¢ . Hence, apart from &imensional constant of

proportionality, the EEG frequency spectrum ratis thus

_ given by the squared modulus &{(r,») obtained from Eq.
Da(r,w) dy(r,w)= % Jap(r, @) gp(r, w), @) (16). (This neglects volume conduction for reasons discussed
in Sec. llI D, but this effect can be easily included, as in our
Jap(r,@)=Lu(r,®)Gap(r)e @man(), (8) previous worK 18].) In uniform systems this spectrum shows
excellent agreement with observed spectra when physiologi-
Da(r,w)=(1-iw/y,)?~r3v? (9) cally realistic parameters are used in the theory apds

assumed to be spatiotemporal white ndis®,20.
where [L,(r,w)] ! is the temporal Fourier transform of
Da.p(r,t). Thus for the case of excitatory projections, we B. Coupled mode equations

have In the most general case, our transfer functi@s) in-

(10) volves multiple position-dependent variables such as the
gains G,;,, the time delaysr,,, and the filter functionL.
where we omit arguments for compactness. Here these nonuniformities are treated via the coupling of the

Using the connectivities in Fig. 1 and making the local SPatial eigenmodes.
inhibition approximation, which assumes the short range of EQuation(16) is of the general form
inhibitory axons and implie®;=Ds=D,=1, and random A -B 1
connectivity approximation, in which the numbers of inter- (1 @) $e(r,@) =BT, @) gn(r, ). an
connections between neural types are assumed to be prop&igking the Fourier transform in space and assuming periodic
tional to the number of available synapses, we find @at  poundary conditions on a rectangular cortex of $jzel, (or
=Qi, Ve=Vi, and, hencep.=p; [18]. This gives of lengthl, in 1D), this expression becomes a discrete con-

Di(r,0)=Dode(r,m), (11) volution:

where we also make the assumptions henceforth that all the Z A(k—K,w)nge(K,w):E B(k—K,w)¢,(K,w).
L., have a common formh, and thatr, = 7., for all b. For K K 18
the specific nuclei, Eq.7) then becomes (18)

Dedpe=Jeetet Jeidi T JesPs

(12) Here k and K range over the valueskyj, Kp;
=(2mm/ly,27jlly) in 2D, wherei andj are integergand
over the values 2m/l, in 1D). The imposition of boundary
conditions has previously been shown to affect spectra at

bs=IsePet Isrr T Isndn s

likewise, for the reticular nucleus we have

& =Jretet Jishs. (13)  very low frequencies and near the alpha peak; however, it
does not, in itself, appear to lead alpha splitting consistent
Thus via substitution of Eq(13) into Eq.(12), we find with observation$19], and thus the precise boundary condi-
tions chosen are not expected to be criti€Rhysically, this
(1—J5/d1s) ps= (JIset Isdre) Pet Isndn - (14 results from the strong spatial damping of waves, except at
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resonances in the spectrum: strongly damped waves are not 1000
sensitive to boundary conditions, since their characteristic
spatial scale is not sufficent to “sense” thgrh9].) Analo-
gous expressions can readily be obtained for a spherical cor-
tex, for example, involving a spherical harmonic expansion
of modes with Clebsch-Gordan coefficients describing the
mode couplings.

Equation(18) shows the essential feature of mode cou-
pling: the value of¢, at a particular wave number is thus a
function of the values at other wave numbers. This is unlike
the case of waves in a uniform medium, where each wave
number is independent of all the others. This coupling is
induced because modulation of the properties of the medium
at a wave numbegq induces a response kttq in a wave
with initial wave numbelk. Examples of this effect in other
physical systems are mentioned in Sec. Il B.

In order to solve Eq(18) for ¢¢(k,w), the first step is to
truncate the set of modes tm|,|j| <M . for someM . ol
We then writego(k,w) and ¢,(k,w) as column vectorgone 5 10 15 20 25
row per modg &, and®,, using an appropriatéout arbi- f(Hz)
f[raw in generalordering of modes. In 1D no special labeling FIG. 2. The Fp (left frontal pole, solid curvg Cz (central mid-
is necessary, and the mode and row numbers can be Sgle dotted curvg and Q (right occipital, dashed curyesingle-

P(f) (uV2Hz™")

equal. A useful 2D relabeling is electrode spectra of a typical split-alpha subject, taken when eyes
. . are closed, and subject is relaxed. The alpha peak near 8 Hz domi-
(M, j)=m+(2M paxt 1), (19 nates frontally, while that near 10 Hz dominates at the back of the

head. At the Cz electrode, a double peak is seen, with both frequen-
wherem and j are the 2D subscripts ope(kmj,), and  cies represented.
w(m,j) is the corresponding matrix index. This form is par-
ticularly useful because of the symmetry between the posiwhen averaged over the random phases of spatially white
tive and negative terms, with(—m,—j)=—u(m,j). noise of root-mean-square amplitugg,(w)|, this yields
Equation(18) can be written as a matrix equatidxd,
=B®,, where, in 1D,A and B are (2M .t 1)X(2Mnax

= 2 1 _— . T
+1) matrices, andb, and &, are column matrices with P(r.w)=|dn(w)| ,;V exfLi(k, k) T](MM ),

(2M 1) terms. [In 2D, A and B are (2M (26)
+1)?°X (2Mpaxt 1)? matrices, andb, and®,, are column ma- . )
trices with (2M ., +1)? terms] Consequently, where « and v label matrix elements as in Eql9). By
averaging Eq(26) over position, Eq(22) can thus be written
O =A"'BD,, (200 in the equivalent form, for spatially white noise,
P(w)= 2Tr(MM ). 2

. ) . If the noise is also temporally whites,(w) is independent
which defines the matrikl. Thus¢(Knj,) can be calcu- of (.

lated by matrix inversion. The spatially averaged power
s_pectrgrrr]]P(w) can then be obtained via matrix multiplica- Il SPLIT-ALPHA PEAKS
tion, wit
It has been suggested that nonuniformities in corticotha-
P(w)=d>l(w)d>e(w), (22 lamic time delays may underlie the observed splitting of al-
pha peaks in a few percent of subjef1®]. Certainly, the
alpha frequency is most sensitivetgppamong the parameters
= [pe(K,0)[2, (23 of our model[18]. Such a split-alpha peak is illustrated in
: Fig. 2, using data from an existing database that was col-
lected with appropriate ethical clearances and informed con-

where® is the Hermitian conjugate 6Pe. sent[22]. Data were recorded in the relaxed eyes-closed state

The power spectrum at a given's then at a 250 Hz sampling rate relative to a linked-ears reference
_ 2 using a low-pass filter with—6 dB point at 50 Hz, then
P(r.)=|¢e(r. @)% (24 processed to remove ocular artifaf®?]. Spectra were cal-

culated for 15 successive 8-s segments of data to improve the

fw)= K,w)eKT. 25 si.gnal—to—noise ratio, then averaged to ob_ta_lin the curves in

o) EK: Pe(K.w) @9 Fig. 2 for three electrodes spanning a semicircle on the head:
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TABLE I. Nominal values of model parameters for an eyes- to(r)=To+ 7(r), (28
closed state with alpha rhythm, close to those used in[R6ef. The

mean eXCitatOry axonal rangeri@, IX approximates the circumfer- WhereTO |S the average dfo(r) over pOS|t|0n After leISIOﬂ

ence of the cortex, taking into account its folditeralp distances by (1—HH,s)(1—H,), Egs.(8) and(16) yield
are approximately 2/3 as large as cortical gneg is the cortical srrs e

damping rateq and 8 are dendritic time constant$, is the mean Hee Hed Heet HoH o) e @toln)
roundtrip delay for signals traveling from the cortex to the thalamus De— 1-H. (1—HoH.)(1—Hg) De(r,w)
and back, and the quantitigs,, are the gains for signals from el sriirs el
neurons of typd incident on neurons of typa Only those gains or HesHsnei wto(r)/2
products of gains that occur in Sec. Il A are listed. = dn(r,m), (29
(1_ Herrs)(l_ Hei)
Quantity Nominal Unit
Hap=Gapl (). (30
le 0.08 m
I 0.8 m If we then expand the exponentials to first orderr{m) to
Ye 120 st give exfior(r)/2]~1+iw7(r)/2, and then Fourier trans-
a=pl4 60 st form inr, we obtain
To 80 ms
oo o delk,w) = C(k,0) > 7(k—K)be(K,0)
ei - K
Ges 4.0
GeGsGre —-4.0 = —
oo o ; N(k—K,©)dn(K, o), (31)
GsiGrs —-15
H iwTq
C(k,w)= lw€ HedHset HgHye) (32
(1=He) (1= HgH o) (K2rZ+q?rd)
Fp, (frontal pole, located slightly left of center at the crown
of the foreheay Cz (central, located on the midline at the H.H. e®To?2
top of the heay) and G (occipital, located slightly right of N(k—K,w)= s sn
center at the back of the headhe subject used was a nor- (1=He)(1—HgH o) (K?ra+0?r3
mal female of age 62 years with a split-alpha spectrum. The .
short duration of the measurements ovefplst 2 min al- X[8(k=K) +iwr(k=K)/2], (33
lows nonstationarity to be neglected to a good approxima- .2
tion. In particular, we find no evidence for nonstationarity in 2 2_[1_ '_“’) _ 1
; ! g (w)re=|1
the alpha frequency, even over longer time periods. Ve 1—Heg;
In this section we illustrate and discuss the general results Hod Hoat H H,o)eieTo
of the preceding section in the context of split-alpha spectra, X|Hgpt ———2 _SCT° . (39
With 7o) = 7d(r) = 71e(r) =to(r)/2 and the otherr,, all 1-HgHs

zero, which generalizes our previous work to include non- , )
uniformities. For simplicity, we assume th@ty,, L, ., and The sums oveK in Eq. (31) appear because the Fourier
r, are uniform in space, assumptions that can be straightfoffansforms of the products(r) ¢e(r,w) and 7(r) ¢n(r, »)
wardly relaxed if required. The derivation is carried out for Yield convolutions of this form. Equatiof29) is easily writ-
the 2D case, but only the 1D case is explored numericallyen in the form(18), with

since previous work showed that 1D and 2D spectra are very

similar [19] and the results here are only intended to be il- Ak, K, w)=8(k=K) = C(k,w)7(k—K), (35
lustrative, with a full statistical study to be published later in
the clinical literature.

Henceforth, except where otherwise stated, we use model d thus b duced t trix f in th |
parameters very similar to those employed in our previou nd can thus be reduced to matrix form, as in the genera
studies[20], as listed in Table I. This approach emphasizescase' In terms of matrix elements, E{e9), (35), and (36)
the consistency of the present work with previous resultsC" be written as
Future work will explore optimal fitting of all parameters to A =5 —C. 1 37)
EEG data using the full 2D numerics. pro TRy TR

B(k,K,w)=N(k—K,w), (36)

(38)

A. Nonuniform time delay model To illustrate the effects of spatial variation gf explicitly
We use the above general derivation to calculate the spei a simple 1D case, we take

tra for a nonuniform corticothalamic time delay(r), by ‘ ‘

setting to(X)=To+ 7€+ 7_ e k1X, (39

021922-5



ROBINSON, WHITEHOUSE, AND RENNIE PHYSICAL REVIEW B8, 021922 (2003

where 7, = 7* ; sincety(x) is real andk,=2/l,. For sim- 10.00
plicity, our simulations use real values with=7_,, since

use of complex values merely shiftg(x) along thex axis

and we have assumed periodic boundary conditions. In this
case, to(X) =Tp+ 27, coskx) and the range ofty(x) is
[to(X) = To|<2|71|. Hence, the requirement that7|<2
implies |7,/=8 ms at the~10-Hz alpha peak andr,|

=<4 ms at the~20-Hz beta peak for our approximations to
be valid. This restriction could be relaxed by Fourier trans-
forming A and B numerically for a chosen form of spatial
variation, in which case no such approximation would be
made.

P(f)

B. Spatially averaged spectra 10.00 ' ' '

Examples of theoretical spectra are shown in Fig. 3 for
the nominal parameters in Table |. For later comparison of
our results with scalp EEG data, we ket 0 correspond to
the front of the cortex, since preliminary inspection of the
data shows a tendency for lower alpha frequencies in this
region. We also lek=1,/2 correspond to the most posterior
region of the cortex, wherk is the linear size of the cortex
(about 1.5 times the circumference of the head, owing to
cortical folding[2]). Hence, we assume thig(x) is maximal
at the front of the head and minimal at the backrif is
positive. Actual variations oty(x) may be more compli-
cated, but form(39) is sufficient to illustrate the principles
involved. The use of the circumference of the cortex as the
value of I, is the most appropriate choice for comparison
with a 1D calculation. In any case, the valuelgfdoes not
strongly affect spectra unless it is considerably smallé}.

When 7. ;=0 ms(no nonuniformity and hence no mode
coupling, seen in Fig. &), the spectrum is seen to have
alpha and beta peaks at around 9.5 Hz and 17.8 Hz, respec-
tively. There is a small-amplitude splitting in the alpha peak,
which is due to the discrete mode structure imposed by the
cortex[19], as seen from the relative contributions of the 0
and =1 modes, which have similar peak powers, while the
+2 modes(not shown are comparable to these only above
about 15 Hz. Investigation shows that this splitting is only

P(f)

observable for relatively sharp alpha pefk8], such that the 5 10 f(]fz) 20 2
separation of the modes is greater than their widths; it disap-
pears ifG.Gs, is reduced by less than 10%, for example. FIG. 3. (a) Coupled power specti@olid curves, arbitrary uni}s

At 7.,=3 ms in Fig. 3b), a splitting of greater ampli- for various values of-.;, with other parameters as in Table I. Also
tude and frequency separation is seen. The spectra of indshown are the 0 mode powgtotted curvepsand the sum of the- 1
vidual spatial eigenmodes show that this is due to the appeamode powergdashed curves(a) 7.;=0 ms, (b) 7.;=3 ms, (c)
ance of structure in each of the#0] modes. This results 7+1=6 ms.
from their coupling via the spatial variation eof the 0 mode
drives the=1 modes most strongly at its peak frequency, The mechanism of split-alpha generation inferred in the
and vice versa. previous paragraphs involves coupling of weakly damped

At 7.,=6 ms, Fig. 8c) shows greater peak separation spatial modes via nonuniformities tg(r). Unlike previous
and more substructure in each mode. As, continues to  suggestiong2,9], these modes are not purely cortical, and
increase, these trends persist, although no additional peakse weakly damped only because of the existence of cortico-
are seen forr;<7 ms. There is also a gradual downshift of thalamic loops with appropriate gaif$8—20. In addition,
the beta peak to around 16.9 Hzzat=6 ms, but this peak is the nature of the coupling is such that it produces multiple
sufficiently broad that substructures and frequency shifts ifirequency peaks in each mode’s spectrum, rather than each
individual modes do not produce multiple peaks in the overmode having a separate peak, as assumed in proposed
all spectrum in this case. mechanisms based on purely cortical modes without mode-
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mode coupling. We investigate coupling further shortly.

Waves at a given location are generated most strongly
with an alpha period approximately related to the local cor-
ticothalamic loop delay in the same manner as in the uniform
case, giving18,2Q

T, (X)=[f ()] *=to(x)+1la+1/8, (40)
whereAt=1/a+ 1/B3 is the part of the corticothalamic loop
delay that is due to dendritic propagation. Maximal contribu-
tions to the spatially averaged spectrum arise from turning
points of ty(x), whereT,(x) is stationary. For our choice
(39), this gives extremal periods deviating 2 7, from the
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uniform case. Periods corresponding to observed spectral 1 (8)

peaks(as opposed to peaks of the local contribution alone
must lie between these bounds, even when electrodes are
placed at extremums a{r), since the spectrum measured at
any point contains contributions from other locations, via
cortical propagation.

It is easily verified that alpha splitting in our model is due
to coupling of modes via the inhomogeneity, not to shifts in
the individual mode frequencies themselves. One computes
the overlap integralin Dirac notation of the inhomogeneity,
taken between unperturbed real modes of the form

Im_ )= (2,2 cogkyx), (42 8 . .
0.000 0.005 0.010

T1 (S)

0.015

Im_)=(21,)*? sin(kqx), (42

for m>0 without loss of generality. This gives the expecta-
tion value (in effect, a weighted average of all the values
encountered by the modes in questiofithe shift in period

to be "
z
2 (Ix =
(my|rn,)= I—f cosg k) r(x)cogk,x)dx, (43 1

xJ 0

= Tl[ 5m,n+l+ 5m,n71]1 (44)
O L I 1 n 1 n 1 n 1 1 I n 1 n
=—(m_|7|n_), (45) 0000 0005 0010 0015
Ty (8)
<m+|r|n_>=<m_|7-|n+>=0, (46) FIG. 4. Parameters of alpha peaks in Fig. 3,7ys The higher

. frequency peak is shown as dashed lines and the lower frequency
for form (39), with 7(x) =27, cosfyx). From these results ,ne a5 solid. Where a third peak exists, it is shown in triple-dot-
we see that the modes undergo no first-order shift in periodyashed style(a) Periods, with dotted curves showing offsets of
since (m..|7jm.)=0 for all combinations of signs. Mode + ;. from the mean unperturbed value for comparismfrequen-
coupling produces additional peaks shifted by, and will cies; (c) overall frequency splitting\f.
have large contributions to the total spectrum for modes
which are themselves strong and which couple to otheanother, with involvement of a third quantum, corresponding
strong modes—i.e., for the &;1, and(possibly =2 modes. to a potential whose role is played by
These new peaks can themselves couple via the inhomoge- Figure 4 shows the periods, frequencies, and frequency
neity to produce further peaks. More complicated variationseparatioAf=f, —f_ of the alpha peaks in Fig. 3 as func-
than Eq.(39) will have more Fourier coefficients and, hence, tions of 7;, wheref, is the highest alpha peak frequency
will couple larger ranges of modes. Incidentally, the couplingandf _ is the lowest. Figure @) shows the small splitting at
in Eq. (43) is analogous in optics to scattering of an incom- 7;=0, and confirms the approximately linear dependence on
ing wave |n) off a grating formed byr into an outgoing 7, for larger values. The upper and lower periods in Fi@) 4
wave (m| with a different wave vector. Alternatively, it is are displaced from the uniform value byr,, in good agree-
analogous in quantum physi¢é&hence the notation is de- ment with Eqs(43)—(45). Figures 4b) and 4c) show that a
rived) to coalescence or decay of one wave quantum intaypical observed splitting of 1 HZin those subjects with

021922-7



ROBINSON, WHITEHOUSE, AND RENNIE PHYSICAL REVIEW B8, 021922 (2003

split-alpha peaKscorresponds ta;~5 ms. The third peak 100.00
appearing forr;=7 ms in Fig. 4 results from coupling of
each of the two outer peaks with the inhomogeneity to pro-
duce a peak near the unperturbed frequency. This peak is
seen to drift slightly withr;, because it distorted as a result
of being superposed on the contributions of the other peaks,
which are not of equal intensity.

10.00F

1.00¢

P(f)

C. Locally measured spectra

We explore the spatial dependence of power spectra in
Fig. 5, which shows spectra obtained at various locations 0.01
using Eq.(27) with white noise inputs. The parameters in
Table | are used, withr.,=6 s, which corresponds to an
alpha splitting in the mean spectrum of around 1.2 Hz. At 100.00
smallx (frontally herg, Fig. 5a) shows that the lower side of
the alpha peak is enhanced relative to the mean, whereas the
enhancement moves progressively to the high frequency side
at largerx (central and posterior locationss shown in Figs.

5(b) and Hc). These trends are in accord with E¢40). The

beta peak moves to higher frequency and becomes broader
and less prominent as increases, which explains why the
mean spectrum is skewed toward lower frequencies. 0.10kF

Figure 6 shows$?(x,w) as a function of position and fre-
guency. This demonstrates more clearly the close correlation
betweenT ,(x), given by Eq.(40), and the peak in locally 0.01
measured power. However, Fig. 6 also shows that this corre-
lation is not perfect, owing to the cortical propagation of
power between locations. This is seen most clearly in the 100.00
projection of the strong peak at=0 at fixed frequency as
far asx=~0.20 m, even while contours at other frequencies
roughly follow the variation irty(x).

To illustrate further the way in whicR(x, ) reflects lo-
cal variations inty(x), we show this quantity in Fig. 7 for

10.00F

1.00¢

P(f)

10.00F

1.00¢

P(f)

to(X)=To+ 7 exgd —x?/(Ax)?], (47)

with 7,=20 ms andAx=0.04 m, and wherd, is a base

level, rather than the average value used previously. At the

peak, the intense signal spreads well beyond its local point of 001 L

generation, but the effects of the inhomogeneity on the spec- 5 10 15 20 25

trum are better localized to its vicinity at oth@nore heavily F{h2)

damped frequencies. Hence, even spatially small sources of G 5. | ocally measured power spectsmlid curves, arbitrary

alpha can potentially be localized by spectral measurementgpits) for r,=6 ms, and other parameters as in Table I, for various

so long as these accurately capture frequencies away frogyjues ofx. The mean spectrum is overplotted for comparitot-

the peaks. ted curveg (@ x=0, ty(x)=92ms. (b) x=0.16 m, ty(x)
=84.5 ms.(c) x=0.4 m, ty(x)=68 ms.

D. lllustrative comparison with data

The variations in the structure of the alpha peak inferredbecause of the unknown effects of variable skull thickness
above are in good qualitative accord with those seen in Figand variable white noise amplitude, in particular, on the rela-
2, whose alpha frequencies impty=~8 ms for this subject, tive strength of the scalp spectra at various locations. The

since related effect ok-dependent filtering by volume conduction,
which removes short-scale features in the signals, can be
. 11 (4g)  ignored at the alpha peak because it is significant only for
YUofl 2f, k=15 m ! [18,23, whereask.;~8 m . The beta peak

has similar spectral trends, but these do not result in splitting
Hence, Figs. &) and 5 can be compared with Fig. 2, but the of the theoretical spectrum, whereas the observed beta peak
relative normalizations of the curves from different elec-shows some sign of splitting, with subpeaks around 17 Hz
trodes cannot be compared between theory and data hewnd 18.5 Hz. We note, however, that the theoretical analysis
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0.4 consistent with the literature on incidence and frequency of

alpha peak$1], although we are not aware of any published
estimate of the incidence of split alpha. Detailed analysis of

03 these data will be published in the clinical literature, but we
conclude that at least 10% of subjects with alpha have split
E " alpha discernable at the Cz electrode and, henge,
< =5 ms. Roughly another 25% of subjects with alpha have a
noticeable increase in alpha frequency toward the posterior,
0.1 implying 7, of a few ms, while a few percent have a trend in
the opposite direction, implying a negative of a few ms.
The remainingroughly halj of the alpha subjects are infer-
0.0

fed to have|r,|=<2-3 ms, since no clear frequency trend

was discerned on visual inspection. These preliminary results

are thus consistent with split alpha subjects corresponding to
FIG. 6. Locally measured powd(x,f) (arbitrary unitg vs fre-  the tail of a statistical distribution of; values, which param-

guency and position for a cosine variationtgfx), as in Eq.(39), etrize corticothalamic inhomogeneity with a positive mean of

with dark shades indicating low levels, and gray levels logarithmi-around 1 ms and a standard deviation of a couple of ms.

cally spaced, half a decade aparf(x) (dashed curve estimated

using Eq.(40), is overplotted for comparison. The parameters are IV. SUMMARY AND DISCUSSION

those of Table I, withr;=6 ms in the form(39) of ty(x).

4 6 8 10 12 14 16
f (Hz)

We have included parameter nonuniformities in our pre-
vious continuum model of the generation of EEG signals, via
is at or beyond its limit of validity in the beta range, so we dotheir coupling of spatial eigenmodes. This approach vyields a
not pursue this comparison further. matrix equation for the coupled mode amplitudes, which can

The theoretical behavior is robust within the parameterbe inverted to yield the amplitudes, and local and mean spec-
ranges that correspond to strong alpha peaks: parametgh. To illustrate the method, we have used it to investigate
changes that enhance the pdak., make it less dampgd the effect of spatially nonuniform corticothalamic time de-
favor alpha splitting by narrowing the individual mode |ays on the splitting of the alpha peak that is seen in a small
widths, while splitting in the absence of inhomogeneity ispercentage of the normal population.
favored by decreasing,, which increases the natural fre-  Theoretically, we find that modal structuievolving the
quency separation between the 0 and modes. 0 and=1 modes in the 1D cayean produce a small split-

Visual examination of 100 sets of spectra obtained froming in the alpha peak, even in the absence of nonuniformity.
normal subjects by the same means as Fig. 2 reveals approXhis is most likely to occur for sharp peaks and if the cortex
mately 80 with clear alpha peaks under the experimentak small. Forr;=5 ms, nonuniformity generally dominates,
conditions used, including eight with unequivocal split-alphawith the peak separation being linearly dependentorThe
peaks. However, roughly another third of the 80 showed arequency of the local spectral peak trends in the same direc-
readily discerned front-to-back trend in the alpha frequencytion as the local corticothalamic time delay, although waves
in most cases increasing toward the back. These features ajgnerated at one location contribute at others, due to cortical
propagation, especially if generated at shdrgnce, weakly
damped spectral peaks. This propagation effect leads to in-
termediate values of periods for measured peaks, which con-
tain contributions from multiple locations. Split-alpha peaks

0.4

0.3 should thus be most readily observed at central electrodes,
where contributions are received from both front and back of
g 0.9 the head where alpha frequencies are extremal. Variations in
% the alpha frequency can also probe quite localized variations
in corticothalamic inhomogeneity, as shown by our results.
0.1 The mechanism of alpha splitting in our theory is via
mode coupling induced by spatial nonuniformities. This is
predicted to be strongest for the lowest-order modes and
0.0

leads to each mode developing additional peaks with periods
displaced by*+ 7, relative to their unperturbed values, which
are unchanged to first order. This contrasts with alternative

FIG. 7. Locally measured powd¥(x, ) (arbitrary units vs fre-  €Xplanations involvingi) ad hocpacemakers, dii) splitting
quency and position for a Gaussian variationtgx), as in Eq.  Of the degeneracy of modes, which would leave the 0 mode
(47), with dark shades indicating low levels, and gray levels loga-unsplit and presumes a single peak for each ni@de19.
rithmically spaced, half a decade apart. The local valug gi) ~ The mechanism we propose does rely on weakly damped
(dashed curve estimated using Eq46), is overplotted for com- eigenmodes, as ifii), but these are weakly damped in our
parison. The parameters are those of Table |, with-20 ms in  model only as a result of corticothalamic feedback, and each
form (47) of ty(x). develops multiple peaks as a result of mode coupling.

4 6 8 10 12 14 16
f (Hz)
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Our calculations semiquantitatively match the trends seemeasurements of corticothalamic loop delays to provide
in EEG data for physiologically realistic input parameters,more stringent tests of its predictions. Another area for future
with |7,|=5 ms for distinct split-alpha peaks to be seen.work is the application of the general analysis in Sec. Il to
Based on visual inspection of trends in spectra without disother nonuniformities in the cortex.
tinct split alpha, we suggest that split-alpha subjects form the
tail of the distribution ole values in nprmal supjects, rather ACKNOWLEDGMENTS
than a separate population. Most subjects are inferred to have
|71|=2-3 ms. A detailed analysis of these data will be pub- We thank S. C. O’Connor for helpful comments on the
lished in the clinical literature. manuscript and numerics. This work was supported by a

In addition to the above specific findings, the presentUniversity of Sydney Sesqui grant and the Australian Re-
work provides a motivation for better direct physiological search Council.
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